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Paper: Regret Lower Bound |

The Annals of Statistics
1987, Vol. 15, No. 3, 1091-1114

ADAPTIVE TREATMENT ALLOCATION AND THE
MULTI-ARMED BANDIT PROBLEM'

By TzE.LEUNG LAl

Columbia University

A class of simple adaptive allocation rules is proposed for the problem
(often called the “multi-armed bandit problem”) of sampling x,,...,xy5
sequentially from %k populations with densities belonging to an exponential
family, in order to maximize the expected value of the sum Sy =
x, + -+ +xy. These allocation rules are based on certain upper confidence
bounds, which are developed from boundary crossing theory, for the k&
population parameters. The rules are shown to be asymptotically optimal as
N — oo from both Bayesian and frequentist points of view. Monte Carlo
studies show that they also perform very well for moderate values of the
horizon N.
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Today we discuss unstructured multi-armed bandit problems (MAB). We will talk about:

1. Deriving asymptotic instance-dependent regret lower bounds in the Bayesian setting
[Lai, 1987, Atsidakou et al., 2023]).
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Today we discuss unstructured multi-armed bandit problems (MAB). We will talk about:

1. Deriving asymptotic instance-dependent regret lower bounds in the Bayesian setting
[Lai, 1987, Atsidakou et al., 2023]).

2. Possible extensions and some considerations on this topic.
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Model and Assumptions

Consider a MAB problem with a = 1,..., K arms: [—

» Sequential: In round ¢ the learner pulls arm a; € [K] and receives the reward 7 ~ 0,,.
» Each arm a is characterized by a density function f(r;0,) with respect to the Lebesgue
measure, and 0, € © is an unknown parameter that belongs to some open set ©® C R.
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Consider a MAB problem with a = 1,..., K arms:

» Sequential: In round ¢ the learner pulls arm a; € [K] and receives the reward 7 ~ 0,,.
» Each arm a is characterized by a density function f(r;0,) with respect to the Lebesgue
measure, and 0, € © is an unknown parameter that belongs to some open set ©® C R.
> (Integrability) For all § € © we assume that 14 (0) = Eo, [|R|] = [ [r[f(r;0a)dr < co.
» (Bayesian Prior) We denote by H = (Hy, ..., Hg) a factorized prior distribution on ©¥,
with density h(6) = [[, ha(fa) (note that each h, may be different).

» We indicate by p*(6) := max, 1,(0) the value of the best arm.

In Bayesian analysis, also the model 6 is a random variable. L



Problems Considered

—]

=
=

» Regret Minimization: Minimize the regret incurred in not choosing the best arm in each
time-step over an horizon T'.

» Best Arm Identification objective: quickly find the optimal arm with confidence at-least
1—-146,0 €(0,1/2).
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Bayesian vs Frequentist Regret Lower Bound

» Can we just compute the average frequentist lower bound over many different problems?
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Average computed over 3000000 sampled MAB problems. Shaded areas indicate the 95% C.I.

The frequentist lower bound simply explodes with continuous priors. .



Single-parameter exponential family
e‘X.
We consider f(r;0,)to belong to the single-parameter exponential family!

fa(r;0) = exp(far — ¢(9a))a

where (0,) is the cumulant generating function?.

LIncludes Bernoulli, Poisson, Gaussian distribution with known variance, etc. [Efron, 2022].

2For a r.v. X the cumulant v is defined as log E[e”].
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Single-parameter exponential family
e‘X.
We consider f(r;0,)to belong to the single-parameter exponential family!
fa(r;0) = exp(far — 1(6a)),
where (0,) is the cumulant generating function?.

» 0, is called natural parameter.

> )(0,) = :1177’[; = p1a(0) is the mean value and 9)(6,) = E g, [(r — 1(64))?] is the variance.
We also have that ) is increasing in ,, and we let * = max, 0,.

» Kullback-Leibler (KL) Divergence defined as

0, .
D(6a, ;) = (60 — 64)1(8a) — ($(8a) — 9(62)) <= /9 (t— 9a)1/1(t)dt>

a

lIncludes Bernoulli, Poisson, Gaussian distribution with known variance, etc. [Efron, 2022].

2For a r.v. X the cumulant v is defined as log E[e”].
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Properties for single-parameter exponential distributions

Observation. For the single-parameter exponential distribution family we have that for
y > x, with z,y € [a,b], Jc1, c2 > 0 such that

ey — o) 2 [(y) — (o)) 2 2czf (.0)
—_—

mean values

> 0.

Yy — )
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Proof.

1. By the mean value theorem 3¢ € (z,y): (y) — ¢(x) = (&) (y — x) > rer%inblzl;(z)(y —z) (the

upper bound follows similarly).
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Proof.
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Properties for single-parameter exponential distributions

Observation. For the single-parameter exponential distribution family we have that for
y > x, with z,y € [a,b], Jc1, c2 > 0 such that

ey — o) 2 [(y) — (o)) 2 2ch (.0)
—_—

mean values

> 0.
y—z)

Proof.

1. By the mean value theorem 3¢ € (,y): ¥(y) — d(z) = (&) (y — x) > ngi?blil;(Z)(y — ) (the
upper bound follows similarly).

2. Then, recall D(z,y) = (z — ) () — (¥ () — ¥ () = [} (t - 2)i(t)dt.

max ¢ [q,0] ¥(2) 2

3. We use that v is increasing and differentiable = ¢) > 0. Thus D(z,y) < —=57—(z —y)~.

min,, efa,s] L(Zl) 2D(z,y)

7/’(3/) - w(iﬂ) - 1/1(5)(11 - 96) = 1/1(1‘)(1/ - m) - maxz,ela,b] L(?z) (?J - T) ' 9/36
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Sampling rule or allocation rule
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Denote by m = (m)¢>1 the sampling rule of the learner (a.k.a. allocation rule). Concretely

» 7 is a sequence of measurable functions, each of which associates past data with an arm,
namely

At41 = T ([t)7 er]ere -li = (1LU7 A1, 71, ULy -y Aty T, 1Lt)7 ]b = Uop-

and (u;);>0 is a sequence of iid uniform noise, such that u; is independent of I;_; and
(at, 'I"t). Thus ay € ]:tfl = O'(Itfl).

> Let N,(t)=>"_, 1¢4,—q} be the number of times we selected arm a up to time ¢.
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Regret Minimization

For a fixed § € ©F, define the regret at time 7T as:

Reg(T';6) = Eq

> u*(6) — pa, (9)] :

t=1
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Regret Minimization

For a fixed § € ©F, define the regret at time 7T as:

Reg(T';6) = Eq

> 1w (0) — pra, (9)] :

t=1

= T*(0) = Y Eo [1a(0) Na(T)],

= E 1w (0) — 1q(0)| Eg[No(T)], > Usethat T'= )" N,(T)
—_———
aipig (0)<p*(0) — AL (0)

— Z Aq(0)Eg[N,(T)).
a:pia (0)<p* (0)
Bayesian Regret (Bayes Risk): Reg(T') = Eg~n[Reg(T;0)] = [ox Reg(T;0)d H(6).
——
prior
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Bayesian Regret vs Frequentist Regret

Bayesian Regret Reg(T) = [o«x Reg(T;0)dH (0) vs Frequentist Regret Reg(T};6)

The problem is: do we consider the model 6 fixed or not? Why should we average over H if
the problem is fixed in reality??

3Some people claim that uncertainty in the model can be seen as uncertainty in future data. Personally, | lean
more towards the frequentist view.
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Bayesian Regret vs Frequentist Regret

Bayesian Regret Reg(T) = [o«x Reg(T;0)dH (0) vs Frequentist Regret Reg(T};6)

The problem is: do we consider the model 6 fixed or not? Why should we average over H if
the problem is fixed in reality??

» Note that people have applied Bayesian algorithms to the Frequentist regret: Posterior
sampling helps with exploration (epistemic uncertainty).

» Similarly, UCB-designs have been used to find rules that are efficient in the Bayesian
regret sense.

» In this work we study the Bayesian regret.

3Some people claim that uncertainty in the model can be seen as uncertainty in future data. Personally, | lean
more towards the frequentist view.
12/36



Optimal solutions

Bayesian Regret: Reg(T) = [gx Reg(T;6)dH ().

Dynamic programming. In principle, one could use dynamic programming to find a solution.
The problem becomes impractical for general MAB problems
[Fabius and Zwet, 1970, Lai, 1987].
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Optimal solutions

Bayesian Regret: Reg(T) = [gx Reg(T;6)dH ().

Dynamic programming. In principle, one could use dynamic programming to find a solution.
The problem becomes impractical for general MAB problems
[Fabius and Zwet, 1970, Lai, 1987]. Simple example:

» Bernoulli bandits with uniform prior on the means. The posterior is a Beta distribution
Beta(S,(t) + 1, No(t) — Sa(t) + 1), where N, (t) = |{t € [K] : a; = a}| and
Sa(@) = |{t : ra, =1}

» We can define an MDP with state s; = ((S,(t), Nao(t) — Sa(t))a)-

» Use Dynamic programming, etc... to solve this MDP [Gittins, 1979].

= great interest to develop simple algorithms that are optimal in the Bayesian sense.
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Bayesian Regret Lower Bound: Proof Idea

Bayesian Regret Reg(T) = [ox Reg(T';0)dH (6). ]

We now derive an asymptotic instance-dependent lower bound for the Bayesian Regret.

Proof idea:

1. Recall that Reg(T0) =3, (

a(0)<p*(6) AG(Q)EG [Na (T)]
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Bayesian Regret Lower Bound: Proof Idea

Bayesian Regret Reg(T) = [o« Reg(T;0)dH (6). ]
We now derive an asymptotic instance-dependent lower bound for the Bayesian Regret.
Proof idea:
1. Recall that Reg(T;0) = >_,..,. (9)<pu* () Da(0)Eo[Na(T)).

2. Lower bound liminfy_, o, Eo[N,(T)] > k(0;T).
3. Integrate [ A,(0)k(0;T)dH (0).

Wrong! We need to integrate and then take the limit. Need to be careful, since the lower
bound needs to have some form of uniformity in 6!
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Frequentist Regret Minimization

In frequentist regret we usually look at uniformly fast convergent strategies.

Uniformly fast convergent strategies. A strategy  is uniformly fast convergent if for
all models 6, for all sub-optimal arms a we have Ey[N,(T)] = o(T%) for all « € (0,1).
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all models 6, for all sub-optimal arms a we have Ey[N,(T)] = o(T%) for all « € (0,1).

Using this result, by a change-of-measure argument, we can show that

Eo[Na(T)] .~ Dl(()og(fj;))*)

» However, the condition Eg[N,(T)] = o(T%) is not uniform in 6. The convergence is
pointwise, and for different @s the convergence speed may be different.*
» If 0* =0, + € with ¢ — 0, then
E@ [Na(T)] 1 1
~ ~ = — 00
log T D(0,,0, +€) € =0

4This is important, since we will take an integral over © of the regret.
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Frequentist Regret Minimization

100 =
e — ¢ = 0.5 (frequentist)
,/’ ___G_log(T)
—
@ 2 €T Vst
It
&Q:F //
EQ}G 507 SO =
= L
N L7 -7
’ \ \
10 100 500 1,000
T

Remark: Just saying that 7 is uniformly fast convergent strategy is not enough. We need to

guarantee uniform convergence across different values of 6.
17/36



Notation.

» For an arm a and vector 6, denote by 0\, = (01,...,0q-1,0411,...,0K) the
vector 0 without 6,. Similarly, we also define I7\,,.
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» For an arm a and vector 6, denote by 0\, = (01,...,04-1,0411,...,0K) the
vector ¢ without ¢,. Similarly, we also define H\,.

> et 0<a = max;-, 0; be the best element in 0\, and recall that 0" = max, 0.

» Also recall that p,(0) = Lfr((fu), which is increasing in 0,. Hence 6* corresponds to

the parameter of the best arm.

\.

Using this last fact, we also write

Reg(T; 9) = Z AH(Q)EG[NG(T)} - Z Aa(e)EO [NH(T)]

aipie (0)<p*(0) a:0,<0*
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Bayesian Regret Lower Bound: Proof Idea

Proof idea: uniformly lower bound A, (0)Eg[N,(T')] over a small region around 6* (i.e., where
the gap is small = this region contributes the most to the regret), and take the limit.

19/36



Bayesian Regret Lower Bound: Proof Idea

Proof idea: uniformly lower bound A, (0)Eg[N,(T')] over a small region around 6* (i.e., where
the gap is small = this region contributes the most to the regret), and take the limit. Write
the regret as follows

Reg(T;0) = Y Au(O)Eo[Na(T)] = Y Ag(0)Eg[Na(T)]

a:pq (0)<p*(6) a:0,<0*

19/36



Bayesian Regret Lower Bound: Proof Idea

Proof idea: uniformly lower bound A, (0)Eg[N,(T')] over a small region around 6* (i.e., where
the gap is small = this region contributes the most to the regret), and take the limit. Write
the regret as follows

Reg(T;0) = Y Au(O)Eo[Na(T)] = Y Ag(0)Eg[Na(T)]

a:pq (0)<p*(6) a:0,<0*

Then, we can integrate and note that it is sufficient to consider the case 0, < 0*:

[ Rea@ono) = [ 3 A@B(N.T) dH(6),

K a:0,<0*

19/36



Bayesian Regret Lower Bound: Proof Idea

Proof idea: uniformly lower bound A, (0)Eg[N,(T')] over a small region around 6* (i.e., where
the gap is small = this region contributes the most to the regret), and take the limit. Write
the regret as follows

Reg(T;0) = Y Au(O)Eo[Na(T)] = Y Ag(0)Eg[Na(T)]

a:pq (0)<p*(6) a:0,<0*

Then, we can integrate and note that it is sufficient to consider the case 0, < 0*:

[ Rea@ono) = [ 3 A@B(N.T) dH(6),

K a:0,<0*

- ./@K Z AG(G)E9 [Na(T)]1{9(,<0*} dH(@),

19/36



Bayesian Regret Lower Bound: Proof Idea

Proof idea: uniformly lower bound A, (0)Eg[N,(T')] over a small region around 6* (i.e., where
the gap is small = this region contributes the most to the regret), and take the limit. Write
the regret as follows

Reg(T;0) = Y Au(O)Eo[Na(T)] = Y Ag(0)Eg[Na(T)]

a:pq (0)<p*(6) a:0,<0*

Then, we can integrate and note that it is sufficient to consider the case 0, < 0*:

[ Rea@ono) = [ 3 A@B(N.T) dH(6),

K a:0,<0*

- /@K Z Ao (0)Ee[No(T)]1g, <oy dH(0),

- Z / Aa(0)Eg[No(T)] dH (0)

heO K0, <67,

Focus on the integral (it's the same integral for each a). And now? G



Uniform Boundary Crossing Problem

N N
=)

To our help comes Prof. Lai [Lai, 1987]. With a single parameter, he noted that UCB
methods (based on the KL divergence®) satisfy the following: =

Let S =inf{n < T : UCB(n) < 0 + €}, then, as T — oo
Py(S < (1 —7)(log Ne*)/D(8,0 +¢€)) =0  Vye(0,1)

uniformly in ap < € < B, with ap — 0, 7 — oo and VTap — oo, fr = o(y/ITogT).

> for a given @ we need to sample at a rate ~ log(T¢?)/e® to detect an e difference.

SUCB(n) = inf{# : 6 > 6, nD(6,,0) > log(n/T) + € loglog(n/T)} for some ¢ € R and 6,, is the MLE in
round n.
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Uniform Boundary Crossing Problem
) N
To our help comes Prof. Lai [Lai, 1987]. With a single parameter, he noted that UCB
methods (based on the KL divergence®) satisfy the following:

Let S =inf{n < T : UCB(n) < 0 + €}, then, as T — oo

Po(S < (1 —)(log Ne?)/D(6,0 +¢€)) — 0 Yy € (0,1)

uniformly in ap < € < B, with ap — 0, 7 — oo and VTap — oo, fr = o(y/ITogT).

> for a given @ we need to sample at a rate ~ log(T¢?)/e® to detect an e difference.
> When integrating over e we get [log(T€?)/e?de = — 12T — 21dne 4 0 — —M +C.

Over a small region, e.g. (log™' T, T~1/?), we get ~ log”(T).

SUCB(n) = inf{# : 6 > 6, nD(6,,0) > log(n/T) + loglog(n/T)} for some ¢ € R and 6,, is the MLE in
round n.
20/36



Bayesian Regret Lower Bound: Assumptions on the Sampling Policy

Using this intuition, [Lai, 1987] derived the following sampling condition ©.

Let £,y € (0,1). 7 is a Bayes-uniformly fast convergent strategy if

lim / Py [ No(T) < (1— )% ha(02)dH(6\,) = 0
T—00,e—0,Te? =00 JoK—1 0 ¢ B 7 D(Ga,9<a+§€) e e

with 0, = 9{@ — €.

The probability that we under-sample over regions with small gaps tends to 0.

SRecall from the previous slide that we need a sampling rate ~ log(T'e?)/e2. Since 0, = 9{[1 — ¢ we have
D(0a,065, + &) ~ (1 +£)2e2.
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Bayesian Regret Lower Bound: Final Steps

/ Au(8)Eo[No(T)] dH(8) = / Au(O)Eo[No(T)] dH(6) = (%)
cOK .0, <0*

00K 0,<07,
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The idea is to consider 6, = 9((1 — ¢, with € belonging to a small region around the maximum.
We consider an open set & C R such that & — {0} (more details on this later).
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Bayesian Regret Lower Bound: Final Steps

/ Au(8)Eo[No(T)] dH(8) = /  ALOEN(D)] dH(6) = ()
cOK .0, <0* eOK .9, <O*

The idea is to consider 6, = 9((1 — ¢, with € belonging to a small region around the maximum.
We consider an open set & C R such that & — {0} (more details on this later).

() = /0 o /0 - A a(B)Eo[No(T)|AH, (62) dH\a(B\),
/ / 6)Ea[Na(T)] dH, (0,)dH\ o (6,,),
6eoK-1.Jgr —0, 65/
_ /6 o A (0(0%,) — (0%, — ) Eo[Na(T)]ha(07, — ) de dHy4(B\a),

where we used that A, () = max; ;(0) — 11a(0) = max; 9(6,) — ¥ (,) and performed a
change of variable 6, = Gi‘a —ec,e€&r.
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Bayesian Regret Lower Bound: Final Steps

Lo [ GO = 000 — RN (DIIR(5, — €) de dT(010) = (4
Let v € (0,1). Use that

L. po(T,e) =Py (Na(T) <(1- 7)%) 7 implies

log Te?

E[Na(e)] > (1 _PH(T', €))(1 - /y)D(Q{a 7 679<a + 56)

by Markov's inequality. Note also that D(65, — €, 65, + &e) < /(1 + £)2%€%/2

"This is the quantity appearing in the Bayes-uniformly fast convergent strategy assumption.
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L. po(T,e) =Py (Na(T) <(1- V)W) 7 implies

log Te?

E[Na(e)] > (1 _I)H(ng))(l - /y)D(Q{a 7 679<a + 56)

by Markov's inequality. Note also that D(65, — €, 65, + &e) < /(1 + £)2%€%/2
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Bayesian Regret Lower Bound: Final Steps

/ . /g ($(85,) — (6%, — )Eg[Na(T)]ha 08, — ) de dHyo(61a) = (¥)
c K-—1 T
Let v € (0,1). Use that

1. po(T,e) =Py (Na(T) <(1- V)W) 7 implies

log Te?
D(Q{a — €, 9<a + &e)

E[Na(6)] = (1 — po(T,€))(1 =)

by Markov's inequality. Note also that D(65, — €, 65, + &e) < /(1 + £)2%€%/2
2. By continuity, for € small we can say hq (65, — €) = ha(65,).
3. Also note that w(9<a) - ¢(9<a —€) > ce for y & x by continuity.
4. Then, for €, & sufficiently small, by continuity we have

. . D(r, — €, 0%, + Ee
(¢( {a) - ¢( <a - 6))ha(9<a — 6) > 2(1 _ ’Y)ha( <a) ( \ : \ )

"This is the quantity appearing in the Bayes-uniformly fast convergent strategy assumption.
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Bayesian Regret Lower Bound: Final Steps

log Te?

(+) > 2(1 — 7)? / de dH\ o (01)

feeK-1

ha(eqa)/g (1 =po(T,¢))

€
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Bayesian Regret Lower Bound: Final Steps

log Te?

(+) > 2(1 — 7)? / de dH\ o (01)

feeK-1

ha(eqa)/g (1 =po(T,¢))

€

Recall

Let &, € (0,1). 7 is a Bayes-uniformly fast convergent strategy if

I / Py [ No(T) < (1—7) ol ha(6%,)dH(6\,) = 0
un Vg, > - a) =
T—r00,e—0,Te? 00 Jgr-1 D, — e 0, +E0) ) N \
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Bayesian Regret Lower Bound: Final Steps

log Te?

(2 20-7° [

feeK-1

de dlf\a(e\a)

€

ha(eqa)/g (1 =po(T,¢))

Recall

Let &, € (0,1). 7 is a Bayes-uniformly fast convergent strategy if

I / Py [ No(T) < (1—7) ol ha(6%,)dH(6\,) = 0
un Vg, > - a) =
T—r00,e—0,Te? 00 Jgr-1 D, — e 0, +E0) ) N \

For now, trust me that the term [ ha(6,) | Po(T, €)dedH\4(6\4) tends to 0.
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Bayesian Regret Lower Bound: Final Steps

log Te?

(2 20-7° [

feeK-1

de dlf\a(e\a)

€

ha(eqa)/g (1 =po(T,¢))

Recall

Let &, € (0,1). 7 is a Bayes-uniformly fast convergent strategy if

I / Py [ No(T) < (1—7) ol ha(6%,)dH(6\,) = 0
un Vg, > - a) =
T—r00,e—0,Te? 00 Jgr-1 DB, e, +E) ) N \

For now, trust me that the term [ ha(6,) | po(T, €)dedH\4(6\4) tends to 0. Then,
asymptotically

N log T'e?
Reg(T) ~ 2(1 — v)?2 Z /ha(e\a) /5 ; dedH\ o (6\q)
— Jer

24/36



Bayesian Regret Lower Bound: Final Steps

Reg(T) ~2(1-7)° Y. [

K—1
a 7/©

" log Te?
ha(6) [ ETded o (610)
Er €

How to choose E17
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Bayesian Regret Lower Bound: Final Steps

. " logTe?
Reg(T) ~ 2(1 — )2 2/91(4 ha (60 “)/g p dedH\4(0\,)

How to choose £7? [Lai, 1987] show that inf £ = T=(1=7)/2_ Then, consider
Er = (T~U=7/2 1/1og T) (the upper bound need to be o(T) for any a € (0,1)). Then

log T62 - 1 2 2 1/logT - 1-— 72 2 2 2
/gT p de = Zlog (Te )‘Ti(liw/z == log”T — O(log” log T).
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Bayesian Regret Lower Bound: Final Steps

' log Te?
Reg(T) ~ 2(1 — ~ 2:/' ha(6F,) / (%66<kdﬂyxﬂg
er €

How to choose £7? [Lai, 1987] show that inf £ = T=(1=7)/2_ Then, consider
Er = (T~U=7/2 1/1og T) (the upper bound need to be o(T) for any a € (0,1)). Then

log T'€? 1 o o M/ leeT 11— 72
/sT ; de = Zlog (Te )‘T a—z = 1 log? T — O(log? log® T).

The end. Letting v — 0 and T" — oo, we obtain

i NdH o (0\a
T— oo logT Z/@1!(1 \(\)
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Discussion




What did we not discuss?

Congrats for reaching this point!
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What did we not discuss?

Congrats for reaching this point!

There are still some things we have not yet disucssed...

» What is the intuition behind the lower bound?

» Show how the condition on py(T, €) makes [ [ pg(T,€) — 0 (see appendix).

» Why inf & = N~(1=7)/2 (We will not discuss this)

» How is the definition of a Bayes-uniformly fast convergent strategy derived? (We will not
discuss this) .

v

Is there a simpler way to derive all of this? (unclear).

» Can we use this result to derive optimal algorithms?

26/36



What does it mean?

. . .Reg(T) 1/
lim inf >y = ha (0%, YAH\ 4 (6\4), K=Y K*
P 0T =23 Ju, MBI Ha(r0) 2K

» The regret is only characterized by the complexity of the priors!
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What does it mean?

liminf 280) » $~1 / ha(Ot)dHG(0), K= K
@ @K—l

T—00 ]og2 T

» The regret is only characterized by the complexity of the priors!

» K denotes the complexity for arm a: large K implies a larger likelihood that a is close
to optimality (if ha(ﬁfa) is large, then it becomes harder to distinguish between a and the

other good arm).
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What does it mean?

.. Reg(T) 1 * * *
lim inf > 2@: §~/®K—1 ha( \a)dH\a(e\a)a K™ = ZK‘Z'

T—00 ]og2 T

» The regret is only characterized by the complexity of the priors!

» K denotes the complexity for arm a: large K implies a larger likelihood that a is close
to optimality (if ha(ﬁfa) is large, then it becomes harder to distinguish between a and the

other good arm).

» Can we simplify K7

Intuition and Complexity 27/36



What does it mean? Simplification.

Assume i.i.d. (04)q (i.i.d. priors) with hq = h Va (sim. H, = H). Then H\, = =L
implying
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What does it mean? Simplification.

Assume i.i.d. (04)q (i.i.d. priors) with hq = h Va (sim. H, = H). Then H\, = =L
implying

Pu(f, <) =Py(b1 <z,...,00-1 <,0011 <x,...,0k <z)= H* '(z).

= K* = %/@ h(9)AH® ()

Since dHX1(0) = (K — 1)HE~2(9)dH () and dH () = h(0)d

K(K=1) [ a0 ke
gr = KEZD > >/;;,2(9)Hf‘*2<e)de
©

Intuition and Complexity 28/36



Connections to order statistics

K(Kf_l) /@ h2(0)HE~2(0)ds

there is actually a connection to order statistics.

K* =

Intuition and Complexity 29/36



Connections to order statistics

K(Kf_l) /@ h2(0)HE~2(0)ds

there is actually a connection to order statistics.

K* =

Order statistics. Given a random vector § = (61, ...,0x), sort the components into a vector
Oy, - - -, 0(x)) satisfying
0(1) < 9(2) Looo K H(K)~

This vector is called the order statistics of 6.
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Connections to order statistics

K(Kf_l) /@ h2(0)HE~2(0)ds

there is actually a connection to order statistics.

K* =

Order statistics. Given a random vector § = (61, ...,0x), sort the components into a vector
Oy, - - -, 0(x)) satisfying
0(1) < 9(2) Looo K H(K)~

This vector is called the order statistics of 6.

» The joint pdf f of (0x_1,0k) (with cdf F') is [Casella and Berger, 2024]
fla,y) = K(K = 1) f(2)f(y)F* ()

Letting « — y we find lim,_,, f(x,y) = K(K — 1) f?(y)FX~2(y).This is the limiting
contribution when the two upper-most samples almost tie.
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Other interpreation

Since lim,_,, f(z,y) = K(K — 1) f*(y)F¥~2(y), another connection is to see the overall
integral as the chance that the top two samples fall into it a tiny interval

P(10x) — Ox—1)l <€) = —1// h(6 + e)HE=2(6) de do,
=2K"¢ + o(e)
Thus - ;
(10x) — Ox-1)| <€) L oK™
E e—0

Intuition and Complexity 30/36



Scaling of K*

Scaling of K* vs K, with: (1) H =U([0,1]) ; (2) H = N(0,1) and (3) H = Ber(0.5)
(uniform, Gaussian, Bernoulli).
We consider a MAB problem with K arms and Gaussian rewards N (0,,1), with 6, drawn iid

from the prior.

—— Uniform prier
Gaussian prior

—— Bernoulli prior
40 +

30 1

201

10 A

Examples K 31/36



Bayesian vs Frequentist Regret Lower Bound

» Can we just compute the average frequentist lower bound over many different problems?

uniform trunc_normal bernoulli
10 4
10 —— Frequentist lower bound N
Bayesian lower bound 10% 3 f
74
108 10
° - -
5 5 10° § S 1024
2 2 2
5 1064 5 10° 4 5
3 3 3
o L 10% 9 b
o L L
g 10 2 10% g
-3 -9 -9
102 -
102 101 4
101 -
0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000
T T T

Same setting as in the previous slide, with K = 5. Average computed over 3000000 sampled MAB
problems. Shaded areas indicate the 95% C.I.

dhefrequentist lower bound simply explodes with continuous priors. YR



Algorithm Design

Can we use the lower bound to design asymptotically optimal algorithms?
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Algorithm Design

Can we use the lower bound to design asymptotically optimal algorithms? Probably. | believe
the intuition is to solve the following problem

inf )" / Nalo (0)AH (0) s.t. / NaD (00, 03 4)ha(0a)dH\ 4 (6\,) > 1
n “ OK-1

where 7 € A(K) represents the proportion of times we should play each arm 8

8This is probably incorrect, but the true problem should vaguely resemble this one.
Algorithm design 33/36



Conclusion




Conclusions’®

Possible extensions:

» Optimal algorithms based on the lower bound.

9Credits to Flaticon.com for some of the logos used in this presentation.
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Conclusions’®

Possible extensions:

» Optimal algorithms based on the lower bound.
» Bayesian regret lower bounds for MDPs.

» A more comprehensive analysis of Bayesian BAI.

9Credits to Flaticon.com for some of the logos used in this presentation.
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Condition on py(7T¢)

We need to show that
(%) = / ha(62,) / po(T, €)dedHy o (6\0) = 0,
OK-1 o

where (7)7 is a sequence of open sets, satisfying such that A(é7) < oo (Lebesgue measure)
for all T, with sup Er < sup Er_1,inf & < infEr_1 and Er T—> {0}.
—00



Condition on py(7T¢)

We need to show that
(%) = / ha(62,) / po(T, €)dedHy o (6\0) = 0,
OK-1 o

where (7)7 is a sequence of open sets, satisfying such that A(é7) < oo (Lebesgue measure)
for all T, with sup Er < sup Er_1,inf & < infEr_1 and Er T—> {0}.
—00

Note

() <XEn) [ [sup po(T, lha(8, )0 (010)

We show how we can rewrite the original condition in this form.



Bayesian Regret Lower Bound: Final Steps

lim / po(T, €)ha(6,)dH (6\o) =0
@I(—l

T—00,e—0,Te2— 00

gr(€)
This limit also implies that

Vo > 03Ts € Nyas, K5 € Ry 2 gr(e) <0 whenever (T,e) € {T,e:T >Ts,e< as, Te? > Ks}.
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Bayesian Regret Lower Bound: Final Steps

lim / po(T,€)hg (Qfa)dH(Q\a) =0
@K—l

T—00,e—0,Te2— 00

gr(€)
This limit also implies that

Vo > 03Ts € Nyas, K5 € Ry 2 gr(e) <0 whenever (T,e) € {T,e:T >Ts,e< as, Te? > Ks}.
Consider the set &7 = (1/T1=7/2 log™' T). Then

> Vas 3T : log™!' T < a5 whenever T > Ty.
» VK; 3Ty : T7 > Ks whenever T > Ty’

Set T = max(T5,T5,T5"). Then

V6> 03Ty € N: sup gr(e) <6 whenever T > T3
ecEr
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Then, observe that by Tonelli-Fubini
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Since A\(é7) < oo and both sup.c¢.. gr(€) — 0 and A(E7) — 0, then
A(€r) supeee, gr(€) = 0,
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